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Abstract. We give a proof of the existence of Asai, exterior square, and sym- 
metric square local L-functions, 7-factors and root numbers in characteristic 
p, including the case of p = 2. Our study is made possible by developing the 
Langlands-Shahidi method over a global function field in the case of a Siegel 
Levi subgroup of a split classical group or a quasi-split unitary group. The 
resulting automorphic L-functions are shown to satisfy a rationality property 
and a functional equation. A uniqueness result of the author and G. Henniart 
allows us to show that the definitions provided in this article are in accordance 
with the local Langlands conjecture for GL n . Furthermore, in order to be 
self contained, we include a treatise of L-functions arising from maximal Levi 
subgroups of general linear groups. 



Introduction 

We develop the Langlands-Shahidi method over a global function field in the case 
of a Siegel Levi subgroup of a split classical group or a quasi-split unitary group. 
In particular, we complete the study of exterior and symmetric square L-functions 
of [SI [T7] and establish the existence of Asai L-functions, and related local factors, 
in positive characteristic; these are uniquely characterized in [9]. The cases treated 
in this article include an induction step, necessary to develop the £S method for 
the classical groups in positive characteristic [15] . 

A thorough understanding of automorphic L-functions and related local factors 
for the classical groups also requires Godement- Jacquet L-functions [TO] as well 
as Rankin-Selberg products for representations of GL m and GL„ [TT]. Indeed, 
Godement-Jacquet factors appear intrinsically in our study of the symplectic group 
and Rankin-Selberg products, which are ubiquitous in the Langlands program, 
are needed in a crucial multiplicativity property for representations obtained via 
unitary parabolic induction. In order to be self contained, our treatise includes 
L-functions arising from maximal Levi subgroups of general linear groups. 

Thanks to a characterization of local factors with G. Henniart [8j[9], we can be 
certain that our definitions are in accordance with the Langlands conjectures for 
GL„ in positive characteristic |14| 116] . In the appendix, we provide the uniqueness 
argument for the case of Rankin-Selberg products and we apply it to obtain a short 
proof of the equality of local factors when they are defined via different methods. 
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While one purpose of the article is to complete our understanding of the Siegel 
Levi case for the split classical groups, the cases involving quasi-split unitary groups 
are new in positive characteristic. Thus, we establish existence of Asai 7-factors and 
prove that they satisfy a global functional equation involving partial L-functions; 
uniqueness of Asai 7-factors is proved in [9j. Furthermore, Asai L-functions are 
important in our study of automorphic L-functions in the case of a general maximal 
Levi subgroup of a unitary group [19j . The following theorem summarizes the global 
results of this article (see Theorem 7.7); its proof begins on § 1 and ends on § 7. 

Theorem. Let k be a global function field with finite field of constants ¥ q . Let M 
be a Siegel Levi subgroup of a split classical group or a quasi-split unitary group. 
Let 7r be a cuspidal automorphic representation o/M(Afc). Then, the L-functions 
L{s,ir 1 ri) are nice, i.e., for each i: 

(i) (Rationality) L(s, 7r, ri) has a meromorphic continuation to a rational func- 
tions on q~ s ; 

(ii) (Functional equation) L(s, 7r, fj) = e(s, 7T, r,)L(l — s, n, fj). 

Remark: Over a number field, global L-functions are said to be nice if they have 
a meromorphic continuation, are bounded on vertical strips, and satisfy a global 
functional equation. In the function field case, the rationality of L(s,n,ri) implies 
boundedness on vertical strips away from poles. 

The automorphic L-functions of the theorem are indexed by representations 
ri depending on the classical group, which we now describe. Let F be a non- 
archimedean local field of characteristic p and let ip be a non-trivial character of 
F. Consider M ~ GL„ as a Siegel Levi subgroup of G = SC>2„+i or SO-2,1. Let 
r = Sym 2 when G = SO271+1, and let r = A 2 when G = SO^n- Given a smooth 
irreducible representation 7r of GL n (L), let a be the ^-adic n-dimensional Frobe- 
nius semisimple representation of the Weil-Deligne group corresponding to ir under 
the local Langlands correspondence [16] , The Langlands-Shahidi local coefficient 
Ctp{s,tt,Wq), defined via intertwining operators of induced representations and the 
uniqueness property of Whittaker models when it is V'-generic, allows us to give a 
definition of j(s, ir,r o p ni ip). In [8], the following equality is established 

7(s, 7T, r o p n , ip) = 7 (s, r o er, -0), 

where we have a Deligne-Langlands 7-factors on the right hand side. It is the case 
of a quasi-split even unitary group U2n that leads us to the existence of Asai 7- 
factors. These are shown to be compatible with the local Langlands conjecture via 
tensor induction in [}J], where we establish the equality 

7(s, 7r, r A) V>) = j{s, ®I(o-), ip). 

In all of these cases, we obtain only one L- function indexed by r — Sym 2 , A 2 or 
depending on the quasi-split classical group. Next, when tt is ^-generic, the cases 
of Sp 2 „ and U2«+i yield 

C/,(s,7r,w ) = 7(s,7r,ri,V)7(2s,7r,r2,V)) 

where 7(s,tt, ri,i)i) is a Godement-Jacquet 7-factor and r^ is either an exterior 
square or a twisted Asai representation (see 6.4 Theorem'). 

We take the opportunity to build the theory from the ground up, beginning 
with abelian local factors of Tate's thesis, which arise as Langlands-Shahidi local 
coefficients of semisimple rank one classical groups. The theory of principal series is 
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then presented; essential, since an automorphic representation is class one at almost 
every place. Local coefficients arise in the global theory via Fourier coefficients of 
appropriately chosen Eisenstein series and satisfy a crude functional equation. It is 
via 7-factors, defined by means of the local coefficient, that we define L-functions 
and root numbers. We remark that, recording results for future reference along the 
way, we are able to provide a thorough and linearly ordered proof of Theorem 7.7 
beginning in § I. Also, we take [4] to be an appropriate setting for working with 
quasi-split classical groups over function fields. In particular, unitary groups are 
defined over a degree-2 finite etale algebra K over a field k. 

Let us now give a more detailed description of the contents of the article. In 
§ I, the necessary properties of 7-factors are gathered in the case of GLi over a 
non-archimedean local field F. Already in this setting, local L-functions and root 
numbers, or e-factors, are defined via 7-factors. In addition, given a degree-2 finite 
etale algebra E over F, Langlands A-factors give a connection between 7-factors 
over E and F. The case of a separable quadratic algebra E ~ F x F arises when 
considering quasi-split unitary groups over global fields at split places. In § 2, we 
extend the basic definitions to this general setting. Recall that the local coefficient 
is defined via intertwining operators of parabolically induced representations and 
the uniqueness property of Whittakcr models. Throughout the article, G is cither 
a general linear group or one of the classical groups S02 n +i, Sp 2n , S02 n , ^>2n or 
Uan+i- When G is a classical group, the theory is studied for a standard Siegel 
parabolic subgroup P = MN; the Siegel Levi subgroup M is isomorphic to GL n , 
except for the case of U2 n +i, where it is isomorphic to GL„ x Ui. 

The semisimple rank one local computations of § 3 are key to the Langlands- 
Shahidi method, they give compatibility of the method for the classical groups with 
local class field theory. The cases G = SL2 and SU3 are mentioned in characteristic 
zero in |13j . where it is shown how to extend these results via restriction of scalars. 
We provide a straight forward and self contained proof when G = U3 , including the 
case of residual characteristic two in the setting of a degree-2 finite etale algebra E 
over F. 

In § 4, we fix a system of Weyl group element representatives and make the ap- 
propriate normalization of Haar measures. This is done via Shahidi's approach to 
Langlands' lemma, which gives an algorithm to decompose Weyl group elements, 
and the corresponding unipotent radical, leading towards a multiplicativity prop- 
erty of the local coefficient. Notice that we can extend the algorithm to include 
unitary groups over a degree-2 finite etale algebra E over the local field F. When 
the parabolic subgroup is a Borel subgroup, multiplicativity allows one to reduce 
the theory of principal series to semisimple rank one cases; it can be seen as the 
formula of Gindikin and Karpelevic in this setting. 

The link to the global theory is made via the theory of Eisenstein series, which 
is available over a global function field [301 HI] ■ We continue the discussion on 
the crude functional equation of |17j in § 5 in order to include quasi-split unitary 
groups (see Theorem 5.1). For appropriately chosen Eisenstein series corresponding 
to globally generic cuspidal automorphic representations, the global intertwining 
operator appearing in their functional equation decomposes into a product of local 
intertwining operators discussed in § 2. Whittaker models allow one to compute 
Fourier coefficients, making the connection to the local coefficient possible. The 
formula of Casselman-Shalika for Whittaker models of unramified principal series 
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and a formula for the intertwining operator in terms of L-functions, when it is 
evaluated at the identity, provide the necessary local results required in the proof 
of the crude functional equation. 

A refinement of the crude functional equation leads to a definition of 7-factors, 
given in § 6. When G = GL m+ „, S02 n +i, SO271 and U2 n , the crude functional 
equation satisfied by the local coefficient involves only one partial L-function of a 
cuspidal automorphic representation of M(Afc). These cases give the main induc- 
tion of the Langlands-Shahidi method for the classical groups. When G = Sp 2n , 
n > 1, or U2n+i, the crude functional equation gives rise to two individual func- 
tional equations in terms of 7-factors. In § 6.5, we provide all of the properties 
necessary to uniquely characterize 7-factors (see [8, 9J). In the appendix, we give 
the characterization for the case of a general linear group. 

We define local L-functions and root numbers, or e-factors, in § 7. First, for 
tempered representations. Then, in general via Langlands classification and an- 
alytic continuation. The global functional equation takes its final form in terms 
of completed L-functions and global root numbers in § 7.6. Let it be a cuspidal 
automorphic representation of M(Afc), then 

L(s, ir, n) = e(s, 7r, n)L(i - s, 7r, n), 

where n denotes the contragredient of it and the representations ri are described 
in § 5.2. This includes exterior square, symmetric square, Asai and Rankin-Selberg 
L-functions. Notice that the functional equation of Tate's thesis over a global 
function field is obtained by studying a Grossencharakter viewed as an automorphic 
representation of the maximal torus M ~ GLi of G = SL2. 

The approach taken in this article does not make use of Lie algebras, other than 
to check that our definition of L-functions agrees with the definition using L-groups 
via the adjoint action of M on L n and the Satake parametrization for unramified 
principal series. For a general smooth irreducible representation, the results of 
[SI |9] and the appendix, show that our 7-factors and related local factors agree 
with those of the corresponding representation of the Weil-Deligne group via the 
local Langlands correspondence. 

I would like to thank F. Shahidi for his guidance and support, in addition to many 
interesting mathematical discussions held over the course of several years. I also 
wanted to take the opportunity to thank G. Henniart for many insightful remarks; 
joint work on the characterization of 7-factors helped solidify the induction step of 
the Langlands-Shahidi method for the classical groups. Mathematical conversations 
with L. Lafforgue and J.-K. Yu were very helpful while writing this paper; I am 
thankful to them for taking interest in this project. Work was begun at Purdue 
University and continued at the Institut des Hautes Etudes Scientifiques during the 
summer of 2011, where the main part of this article was written. I am very grateful 
to these institutions for their hospitality and support. 

1. ABELIAN 7-FACTORS 

Let Of be the ring of integers of a non-archimedean local field F. Let pF 
be the maximal ideal of Of and let qF denote the cardinality of Of/Pf ■ For 
every continuous non-trivial character ip : F — » C x of level I, fix a Haar measure 

/ /2 

of F such that ^(Of) = q F ■ Let C^°(F) be the Bruhat-Schwartz space of 
complex valued locally constant functions on F with compact support. The Fourier 
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transform ^ : Cf(F) -> C C °°(F) is denned by 

Given a function / with domain F and a E F x , let /° denote the function on F 
defined by the rule / a (x) = /(oar). Then 

(1.1) ^ v ,ao^(/) = |a6- 1 |J/- a6 " 1 , 

for every / G C£°(F), a,b E F x . Notice that the level of V° is Z — ord,p(a) and 

1 /2 

/i^a = |a| F ' /x^. Also, every continuous non-trivial additive character of F is of the 
form ip a , for some a E F x . 

Fix Haar measures on F x so that 

<7f dfj,^ (or) 



^ (x) = ^-i N F " 

Then n*(0$) = wiOp)- 

Given a continuous character x : F x — > C x , f E C%°(F), and s 6 C, the integral 



C/>( S >X,/) = / /(ar)x(ar) |ar| F d/^(a;), 

defines a Laurent power series on qp S . These (- functions converge and define a 
rational function on qp S in some right half plane (3?(s) > if x is unitary). Given a 
continuous multiplicative character \, a continuous non-trivial additive character ip, 
and a E F x , the abelian 7-factor 7(5, \, -0") is the unique function on the variable 
s satisfying Tate's local functional equation 

(i-2) c*a - *, x" 1 , ^ (/)) = i(s, x, rx^, X, /), 

for every / E C£°(F). This 7-factor is a rational function on qp S . Equation (1.2), 
applied twice in combination with (1.1), gives 

(i-3) 7(*,x,#y(i-*,x -1 ,^) = i- 

The relationship between fj^a and /i^, together with (1.2), yields 

(1-4) 7(s,X,V> a ) = X(a) |o|7'7(*.X,^)- 

Root numbers, or ^-factors, are defined via the equation 

(1-5) e(s, X ^)= 1 (s,x^) Tn L{S,X) _ lv 

where L(s, x) = 1 if x is ramified, and L(s, x) = (1— <? F s x( ro F)) _1 if X is unramified. 
They satisfy 

(1.6a) e(s,x,tp)e(l - s,x"\0) = 1, 

(1.6b) e(s, x, 0°) = x(o) Nf~' e ( s > X, # 

Additionally, if x is unramified and 2 = then e(s,x,V0 = 1, i.e., 

(1-7) l{s,X^) = L{l - S ^ 1] . 

Extend complex valued locally constant functions / E C 00 (F X ) to locally con- 
stant functions in C°° (F) bysetting/(0) = 0. Then C C °°(F) = span(lo F , C C 00 (F X )), 
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where 1a denotes the characteristic function of a set A C F. Taking N with 
Xi+p™ = 1 an d setting / = l 1+p N in (1.2) yields the formula 

l(s,Xii>)= / X _1 (^) \ x \f S ip(x)dfi^(x). 



Here l pi -«(x)x~ 1 ( a; ) M/ e C£°(.F X ) C C™(F). Therefore, the formula is valid 
for all s£C, and it is also possible to write 



l(s,x,ip)= \ X 1 (x)\x\ F s ip(x)d^(x), 

J F 

which converges as a principal value integral. Combining this with (3) gives 
T^X^r 1 = / x( x ) \x\p~ 1 ^(x)d^(x) 



= ( 1 -Qf) x(x)\x\ F ip(x)dti2(x). 
Jf x 

Given a separable quadratic extension E / F of locally compact non-archimedean 
fields, let t] E /f ■ F x — > C x be the character given by the rule: T)e/f(x) = 1 if 
x e N E/F (E X ); r) E/F (x) = -1 if x £ N E/F (E X ). Define 

. ,„ .„ M If- VE/ F (x)tp(x)dfi x (x) 
\{E/F, ip) - 



If* Ve/f(x)^(xW*(x) 
It satisfies 

X(E/F,iP)X(E/F^) = 1. 

To avoid confusion, given a continuous character \' '■ F x — > C x and a continuous 
non-trivial character ip' : E — > C x , write 7e(s ) x' ) f° r the corresponding 7- 
factor. Then 

(1.8) A(£/F,V07is( s >X oN i^>V' o ^£/F) = 7(3, x\f * , iph(s, Ve/fxIf* , V0- 

To simplify notation, it is convenient to write tpE = i/ , °Tr E ^. 

Now, let E ~ F x i* 1 . We can assume E is the separable quadratic algebra F x F 
by fixing a basis. For every x = (x\,X2) S -E, let |x| B = \xiX2\ F , x = (x2,xi), 
Nb/f(2 ; ) = ^S, and Tte/ f (x) = a; + 5. A smooth character x '■ F x — > C x is of 
the form X = Xi ® X2> with xi an d Xi continuous characters of F x . Complex 
valued locally constant functions / € C°°(E X ) are extended to complex valued 
locally constant functions C°°(E) by setting f(x) = for x € E — E x . Embed 
F diagonally in E, in order to interpret x\f* an d ipE — ip Tr F / F correctly. Let 
Mfe = (J-tp X fMp- Then, equation (|1.8|) also holds in this case with t]e/f = 1 an d 
\(E/F,il>) = 1, i.e., 

7b (a, X N B/F , ip o Tie/f) = j(a, X1X2, ip) 2 - 

2. On the local coefficient and the classical groups 

Given an algebraic group G defined over a field k, or an algebra A over k, G 
will denote the group of rational points, i.e., G — G(k) or G(A). Let F be a 
non-archimedean local field. 
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2.1. The general linear group. Let G be the general linear group GL ni + n2 . Let 
E be a degree-2 finite etale algebra over F. Let B = TU be the Borel subgroup 
of G with maximal torus T and unipotent radical U, whose group of rational 
points B over E consists of upper triangular matrices. The non-trivial character 
ip : F — > C x extends to a character U, also denoted by ip, by setting i/j(u) = 
iPe(ui,2 + ■■■ + %i+n 2 -i,n 1 +n 2 )> for u = (u id ) G U. Here, ip E = i> ° Tr E/i ? 
if E = F x F, and = ip if = F. Consider the maximal Levi subgroup 
M ~ GL ni x GL„ 2 , whose group of rational points over E is 

M=!( 9 ( \ ° ) 1 3i G GL ni G GL„ 2 (£?) 



52 

Let P = MN denote the standard parabolic subgroup of G with unipotent radical 
N. 

Given smooth irreducible representations m of GL ni (E) and TT2 of GL„ 2 (E) , let 
tt = 7Ti ® 7T2 • Here, 7T2 denotes the contragredient representation of 7T2. Consider 
the unitarily induced representation 

I(«,tt) =ind?(|det(-)||7ri ® |det(-)lE f tt 2 ). 

More precisely, let V(s, 7r) be the space of functions / : G — > V satisfying the 
following properties: there exists a compact open subgroup K of G such that 
f{gk) = f(g) for every g 6 G, k G if; and, f{mng) — |det(mi)||; 7Ti(mi) ® 

|det(m2)| B 2 TT2{m2)Sp(m)f(g), for every m = (mi,m 2 ) G M, n e N, g e G, 
where <5p denotes the modulus character of P. Then, 1(s,tt) is the right regular 
representation of G on the space of functions V(s, tt). 

Elements of the Weyl group W = W(T, G) will be identified with a fixed rep- 
resentative in N(F), where F is embedded diagonally if E = F x F. This is done 
globally in such a way that the theory matches the semisimple rank one local the- 
ory of § 3, and similarly for Haar measures. Let wq = wiwi^ji the Weyl group 
element which is the product of the longest Weyl group element wi and the longest 
Weyl group element wijs/i with respect to M. Let M' = kioMioq 1 , and let P' be 
the corresponding standard parabolic subgroup of G with unipotent radical N'. 
Given a representation tt of M, let wo{tt) denote the representation of M' given 
by tt(wq m'wo), m! G M' . It is ipM' -generic, where ipM'(u') — iJjm(wq u'wq), 
u' G M' n U. 

The intertwining operator A(s,tt,wq) : V(s,7r) — > V(—s,Wo(tt)), is defined by 
A(s,tt, w ) f(g) = / f(wg 1 n'g)dn' 1 

JN' 

where the integral converges in a right half plane. In fact, it is a rational operator 
in the sense of Waldspurger, § IV of [2"5] . 

Let C^°(G, V") be the space of locally constant functions with values in the space 
V of tt. For every s G C, there is a surjective map £P a : C^°(G, V) — > V(s, tt), given 

by 

^sfig) = J |det(m p ,i)| B 2 |det(m Pl2 )|l 8£(m p )TT~ 1 (m p )ip(pg)dp. 

Here, every p G P can be written as p = m v n v for some m p G M , n p G N; 
furthermore, m p is identified with (m Pt i,m p ^) G GL ni (E) x GL„ 2 (£') by means of 
the embedding of M inside G. 
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Let C be a special maximal compact open subgroup of G. For each s 6 C, 
consider the function /° = # s (lp™„BnK)- Notice that tp restricted to MC\U defines 
a character, which we denote by ipM- Then, if n is ^"jvf-generic with Whittaker 
functional X^ M , the function 



Av>0,7r)/ S ° = / ^p M (fs( w o 1 n))il){ri)d. 



ii 



defines a non-zero polynomial function on {g^ s ,gj.} (Theorem 1.4 of [H]). ^ is 
possible to use the previous integral to define a Whittaker functional for I(s, tt). 
The local coefficient is defined using the uniqueness property of Whittaker models 
and is given by 

n , \ <V(s,7r)/ s ° 

C^(s,TT,Wo) = 



A</,(-s, w (tt))A(s, tt, w )/° ' 
It is a non-zero rational function on q^, s [T71 122) . 



2.2. Siegel Levi subgroups of classical groups. Let G = G n be either a split 
classical group S02 n +i, Sp 2 „, S02n, or a quasi-split unitary group U^m U2 n +i- 
A definition of the split classical groups over a non-archimedean local field or a 
global function field k can be found in § 3 of [T7] . including the case char/c = 2. 
A definition of the quasi-split unitary groups, suitable for computing with local 
coefficients, is provided below. 

Let if be a degree-2 finite etale algebra over a field k. Let 9 denote the non- 
trivial involution of K over k. Write x = 9(x), for x £ K. Extend conjugation to 
elements g = (<?j,j) £ GL m (K), by setting g = (g~i.j). Given a positive integer n, 
consider 



h2n{x) = ^ XiX 2n +l-i ~ ^ x 2n+l-i%i, X G K 
i=l i=l 
2n 

h-2n+l(x) — ^""^ XjX2n+2-i ~ ^n+l^n+li x £ i^ 2rl + ] 



i=l 



The unitary group G = U m , m = 2n or m = 2n + 1, is defined so that its group of 
rational points is given by 

G = {g E GL m (K)\h m (gx) = h m (x) for every x £ if™} . 

For every positive integer n, let <£>„ be the n x n matrix with ij-entries {5i >n -j+\). 
Fix the Siegel Levi subgroup M of G so that its group of rational points M is 
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embedded in G as follows: 

U= { | 9 1 j e GL„ (/,-)}> . if G = ■ S< ) ; >,, ,: 



M ={[ $„* ff -i$ r ) I 9 G GL„(fc) f- , if G = Sp 2 „ or S0 2 „; 
M = «{ | 2 } Iff € GL n (K), z e kei(N K/k ) \ if G = U 2n+1 ; 



Let T be the maximal torus whose group of rational points T consists of diagonal 
matrices, and let B = TU be the Borel group of G with unipotent radical U, whose 
group of rational points B consists of upper triangular matrices. Let P = MN be 
the standard parabolic subgroup of G with Levi M and unipotent radical N. 

2.3. If G is a split classical group, let E be the non-archimedean local field F. If G 
is a quasi-split unitary group, let £ be a degree-2 finite etale algebra over F, Hence 
M ~ GL n (E), unless G = U 2 „ + i. In this latter case, M ~ GL„(i?) x E 1 , where 
E 1 = ker(Ng;/F)- Given a smooth irreducible representation tt of M, consider the 
unitarily induced representation 



(2.1) I( S ,vr) = 



indg(|det(-)||7r) if G = S0 2 „,Sp 2 „ or U 2 „ H 
ind^(|det(-)||ir) if G = S0 2n+ i or U 2n 



In the case of UW+ij notice that a smooth irreducible representation tt of M is of 
the form tt = tt' ®v, where tt' is a smooth irreducible representation of GL„(i5) and 
v is a smooth character of E . Also in this case, the character |det(-)L of GL n (E) 
is extended to a character of M, trivial on E 1 . 

The space of I(s, tt) is denoted by V(s, tt). The Weyl group element Wq — wiWi t M 
will be identified with a fixed representative in G. Notice that P is self-associate. 
The intertwining operator A(s,7r,wo) : V(s,tt) V(—s,wq(tt)) is then defined by 



A(s,TT,W )f(g) = / f(w ng)dn, 
Jn 

There is a surjective map & B : C^°(G, V) — > V(s, tt), s G C, defined by 
& g s<p(g) = / |det(m p )|~ is Sl(m p )TT^ 1 (m p )(p(pg)dp, 



where i = 1 or 1/2 depending on (|2.ip . and each p G P has p = m p n p , m p G M, 
n p G N. Let K, be a maximal compact open subgroup of G such that G = PIC, and 
consider the function /° = {P s (tp Wo BnK.)- 

The non-trivial character ip : F —> C x extends to a character of ipE of E. 
As before, it then gives a character of the unipotent upper triangular matrices in 
GL n (E). This defines a non-degenerate character ipM of M n J7. Let Gi be a 
classical group of semisimple rank one, and assume G = G„ is a classical group of 
the same type as Gi with n > 1. Given a non-negative integer m, let 7 m denote 



10 



L. A. LOMELf 



the m x m identity matrix. Then, the group of rational points G\ is identified with 
a subgroup of G: 

(2.2) Gi ~ | ^ " 1 g \\gGGAcG. 

The character ipM is then extended to a character tp of U so that V'lGinf/ agrees with 
the semisimple rank one definitions of the next section. Then, if tt is a ^/-generic 
irreducible representation of M with Wittaker functional Xf M , the function 



Ms,7r)/ S = / X fM (f s {w n))ip(n)dn, 
Jn 

is an non-zero Laurent polynomial function on qp S (Theorem 1.4 of |17j). The local 
coefficient is then given by 

n I \ A V ,(s,7r)/ s ° 

A^(-S, Wo(7Tj)A(s, TT, W )JZ 

It is a non-zero rational function on q^ s [T71 122j . 

3. The local coefficient for semisimple rank one classical groups 

3.1. Definitions. First, let G = U2 or U3, let F be either the algebra F x F or 
let E/F be a separable quadratic extension of non-archimedean local fields. Let 
E — > E, x H> x, denote conjugation on E. If E = F x F, let (3 — (0, 1). Assume 
that E/F is an extension of local fields, then: if char(F) = 2, there is a (3 G 0^ 
with galois conjugate /3 £ 0| such that Tr B/F (/3) G 0^, N B/F (/3) 6 F , and 
F = F(^); if char(F) ^ 2, then there is a /3 G E such that /3 = —/3 and £ = F(/3). 
Fix such a /3. 

If G = U3, the elements of the maximal torus T = M arc of the form t = 
diag(a, b, a -1 ), a G F, b G E 1 = kei(N F / F )- The elements of U are of the form 

fix z(x,y) \ 
n(x,z(x,y)) = I 1 x j , x £ E, y e F, 

where z(x, y) G F satisfies the equation Tr s / F (z(a;, y)) = Ne/ f (x). In the case of 
a field extension E/F, this implies that 

^ ,A _ / V + ^e/f(I3))- 1 N e/f (x) if char(F) = 2 
ZlX ' W \ ±N E/F (x)+/3y ifchar(F)^2 ' 

If E = F x F, x = (xi,x 2 ), then 

zfoj/) = {y,-y) + pxxxz. 

To abbreviate, write z — z(x,y). The non-trivial character ip of F defines a char- 
acter of C/, also denoted by -0, via the relationship 

ip(n(x,z)) = ip oTr E/F (x). 

Let N a = {n(x,0)\x G F} and iV 2ct = {n(0,y)\y G F}. Then AT = N a N 2a , N a n 
A^2 Q = {^3}- Notice that, as a topological group, F = F © /3F. Let be the Haar 
measure on F given by 

/ /(xi + (3x 2 )dn(xi + (3x 2 ) = / / f(xi + Pxi)d^{xi)d^{x2). 

J E J F J F 
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Uniqueness of Haar measures gives 

(3.1) f j, 4 , E = cfi. 

The measure of E defines a Haar measure on N a , and the measure fj,$ of F 
defines a Haar measure on iV 2a . Then, fix the Haar measure on TV = N a N2 a to 
satisfy dn = cdfidfi^. If E = F x F, c = 1. Otherwise, c depends on the level of 
ipE with respect to ip. If char(F) = 2, the level of tpE equals I and c = 1. It is an 
exercise to compute the constant c in the case of char(F) ^ 2, note that care must 
be taken for dyadic fields. 

If G = SO3, the elements of the maximal torus T — M are of the form t = 
diag(a, 1, a" 1 ). The elements of U are of the form 

/ 1 -2x -x 2 \ 
n(x) = 1 x Lief, 

V 1 / 

This includes the case char(F) = 2. The self-dual Haar measure of F defines a 
Haar measure on N = {n(x)\x G F}. The character xp of F is then extended to a 
character ip of U satisfying tp(n(x)) = tl>(x). 

If G = GL2, SL2, then the elements of U are of the form 

n(x) = ^ 1 , x e E. 

And, the character ip of F is extended to a character of U by setting ip(n(x)) — 
ip E (x). 

If G = U 2 , then 

n(x) = ^ 1 jJ.ieF. 

Recall that a; is identified with (x, x) G £7 in the case E — F x F. The character ^ 
of is extended to a character of U by setting ip{n{x)) = ^(x)- 

Fix representatives of the Weyl group element wo appearing in the definition of 
the local coefficient: 

wo=( ? I) , if G = GL 2 , SL 2 , orU 2 , 



and 



-1 



1 

w =\ 0-1 I , if G = S0 3 , or U 3 . 




3.2. Compatibility with class field theory. Proposition. Let \, Xi> an d Xi 

be continuous characters ofGL\(E). 

• IfG = GL 2 and it is the smooth representation ofT given by 7r(diag(ti, £ 2 )) = 
Xi^Ox^ 1 ^), then 

C^(s,n,w ) = j(s,xiX2,ip)- 

• IfG = SO3 and ir is the smooth representation ofT given by 7r(diag(i, 1, t^ 1 )) 
X(t), then 

Cp(s,TT,w ) = 7(s,x 2 ,V0- 
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• IfG = SL2 andir is the smooth representation ofT given by ir(di&g(t,t 1 )) = 
X{t), then 

C^(s,tt,w ) = 7(s,x,^)- 

• IfG = U2 and-K is the smooth representation ofT given by 7r(diag(i, i^ 1 )) = 
X(t), then 

C^(s,n,w ) = 7(s,x|fx,-0). 

• // G = U3 and v is a continuous character of E 1 , extended to a character 
of E x via Hilbert's theorem 90. If ir is the smooth representation on T 
given by 7r(diag(i, z, t^ 1 )) = x(t)v(z), then 

C^(s,n,w ) = \(E/F,tp)j E (s,xv,ilJE)j('2s,n E/F x\F»^)- 

Remark. When G is a quasi-split unitary group and E = F x F, embed F diag- 
onally in E. The character x is then of the form xi <8> X2, and x\f x * s given by 
x\fx((x,x)) = xi(x)x2(x). 

Proof. The case of U3 is presented, with all details given in the case when E = FxF 
or E/F is an extension of local fields with char(F) = 2. With the above notation: 

A^(-s,w (7r))(A(s,7r,u;o)/ s ) = / A(s, tt, w )f^(wQ 1 n(u, v))ip E (u)dn(u, v) 

Jn 

fs( w o ln ( x ' z)wq 1 u(u, v))ipE(u)dn(x, z)dn(u, v). 

In Jn 

Using the Bruhat decomposition with z^O gives this equal to 

/ / /°(diag(z _1 , zz^ 1 , z)n(— xzz" 1 , z)won(— xz~ x , z~ 1 )n(u 1 v)) 

Jn Jn-{i 3 } 

x ipE(u)dn(x, z)dn(u, v), 

and noticing that n(— xz^ 1 , z~ 1 )n(u, v) = n(u,v)n(—xz~ 1 ,z'), for some z' E E, 
makes this equal to 

/ Iz^'^X-^zMz^i-xz-^dni^z) (A^(*,7r)/ a °) . 
Jn 

Therefore 

C^(s,7r,iUo) _1 = / \z\ E (s+1) x^ 1 (z)iy(z)ip E (xz~ 1 )dn(x, z). 
Jn 

Consider the cases E = F x F or char(F) = 2 (it is an exercise to adapt the 
following discussion to the remaining case when E/F is an extension of local fields 
withchar(F) ^ 2). Notice that z(x, (P+fi)- 1 xxy) = (/3+/3)~ 1 xx(y+/3). Temporary 
notation: if E = F x F and y e F, identify y with (y, -y) G E. Then, the integral 

\z(x,y)\E (s+1) x^ 1 {z{x 1 y))v{z{x,y))^ E {xz{x 1 y)- 1 )dii^{y)dp:^ E {x) 



IE JF 

is equal to 



// 

J F J E 



v + P\ E \x\e x-'iW + P)-"xx{y + P)Mv + P) 

if J e 

x ip E {{(3 + f3){y + p)-^- 1 ^^^ (y). 
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Hence, after taking x H> (/3 + /3)(y + 0) 1 x, 

c^s^wo)- 1 = cx^W + P) [ \y + ffz 1 x{y + P)"{y + P)d^{y) 

JF 

x / l^lij 28 " 1 X~ 1 (N E /F(x))i>E{x~ 1 )dtJ,ifi E (x), 

JE 

where c is the constant of equation (13.11) . Now, notice that 

X " 1 (/3 + ^) 7 (2 S ,xIfx,^)" 1 / \v + P\ a E 1 x(v + PMv + P)diii>(v) 



F JF 



\yx + Px\% x(v x + /3x)v(yx + /3x)ip((/3 + P)x)d^(y)dfj,^(x) 



\y + P x \e X(V + fix)v(y + f)x)ip o Tr E/F (y + j3x)d^{y)d^{x) 

z \ S e 1 x{z)v{z)i) E {z)d^ E {z) = ■y E (s,x^,ipE)~ 1 - 
Also, taking x i— > x~ x followed by x i— > x, gives 

Me X^ 1 {^E/F{x))ip E {x~ 1 )d^ E {x) = j E (2s,x°N E/F , 4'eT 1 

= \(E/F, 7 (25, xIfx , V-) _1 7(2s, ?7f/fx|f>< , 
where the Langlands A- factor comes from equation (|1.8I) . Thus 

C v ,(s, 7r, w ) = A(S/F, ip)j E {s, xv-, iPe)j(2s, r] E/F x\ F ^ , ip)- 
4. Principal series 

4.1. Weyl group elements. For every simple root a, fix a Weyl group element 
representative w a in such a way that is in accordance with the semisimple rank 
one theory. Specifically, given a classical group G = G„ (n > 2), for each i, 
1 < i < n — 1, let on be the simple root a — ei+i in the Bourbaki notation. Embed 
G ai = GL2 in G so that 

r / h-i \ 

9 

Ii-1 J 

Then, the representatives w ai are fixed for 1 < i < n — 1. The w a 's corresponding 
to the remaining simple roots are given by the embedding of (|2 . 2[) . unless G = SO4. 
In this latter case, let w ai correspond to the simple root a\ = e\ — e-i as before, 
and fix 



G ai — < 



I V 



g 6 GL 2 (E) 



\ c G. 



I 



1 



V 



1 



■1 \ 

1 

/ 



for the simple root ai = e\ + e-i- 

Given an element w of the Weyl group, it has a reduced decomposition into a 
product of simple roots. The representative of 10 given by this product is indepen- 
dent of the reduced decomposition. 
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4.2. Multiplicativity and Haar measures. For future reference, Langlands' 
lemma is recalled below for a quasi-split connected reductive group G defined over 
a field k. Shahidi's proof (see § 2.1 of [35], originally written for non-archimedean 
local fields of characteristic zero), provides an algorithm to properly decompose the 
unipotent radical N of a parabolic subgroup P of G with respect to the decom- 
position of the corresponding Weyl group elements. If G is viewed as a reductive 
group scheme, the algorithm further extends to include quasi-split unitary groups 
with respect to a degree-2 finite etale algebra over k (see 4.4.5 of [1]). 

Let G be a quasi-split connected reductive algebraic group defined over k. Let 
B be a borel subgroup of G with maximal split torus Ao and unipotent radical U. 
Denote the roots of G with respect to Ao by S, the positive roots with respect to 
B by S + , and the simple roots by A. Parabolic subgroups P of G correspond to 
subsets 8 of A. Then P = Pg has Levi decomposition MgNg. Let Pg, Mg, Ng 
denote the groups of rational points. Let W be the Weyl group of £, and for each 
a £ A let w a be its corresponding reflection. Given 8 C A, let Wg be the subgroup 
of W generated by w Q , a £ 8, and let wi.g be the longest element of Wg. Let Y,g 
be the set of roots spanned by 8 and let £jj" = S + n 

Two subsets 8 and 8' of A are said to be associate if the set 



is non-empty. Given two such sets, the corresponding parabolic subgroups Pg and 
Pg' of G are associate. For an element w £ W, let N w = U fl wNgW -1 and let 
N w — w^^-NwW. 

Lemma Suppose 8, 8' C A are associate. Take w £ W(9,9'). Then, there exists 
a family of subsets 0\, . . . , 8 n of A, with 8\ = 8 and 8 n = 8' , such that for every i, 
1 < i < n- 1 

(i) there exists a root a, £ A — 9i such that 9i+\ is the conjugate of 8i in 
(U = 8 t U {oh}; 

(ii) ifwi = w Lni wi.g t in W(8 l ,8 l+1 ), then w = w n -i • • - Wi; 

(iii) if one sets w[ — w and w' i+1 = w^w^ 1 , then w' n = 1 and 



If k is a non-archimedean local field, the semi-direct product of part (iii) of the 
lemma is a semi-direct product of analytic p-adic groups. With the notation of the 
lemma, Haar measures are then normalized to satisfy 



Now, let G is a classical group, w = wq, and 9 = 8' = A — {a} corresponds to 
the maximal Levi subgroup M. Then, the lemma allows integrals over N to be 
decomposed into a product of integrals over unipotent radicals corresponding to 
semisimple rank one groups. In this way, Haar measures are normalized so that 
they are in accordance with the semisimple rank one theory. 

Let X(Mg) be the set or rational characters of Mg and let Og c = X(Mg) ® C. 
Given w £ W(8,8 / ) 1 fix a decomposition w — w n —i ■■■W\ as in the lemma. Let 
v\ = v £ ag C , and let <j\ = a be an irreducible generic representation of Mg. For 



W{8,8') = {w£ W\w{8) = 8'} 



N w > f = Wi 1 N w > i+i w i x N. 
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i, 1 < i < n — 1, let Vi = Wi(vi-i), Oi = Wi-\(oi-\). Then, multiplicativity for the 
local coefficient can be stated as follows: 

n-l 

C^(v,(T,w) = Y[ C^{vi,(Ji,Wi). 
i=l 

4.3. Principal series. For every integer m > 1, let B m be the Borel subgroup of 
GL m , whose group B m of F-rational points consists of upper triangular matrices. 
Let 

Xii Mj'j 1 < * < n i-, 1 < .7 < n 2, be continuous characters of _F X . Let tt\ be a 
i/>-generic constituent of 

. ,GL n . (F) , . 

md Sni lV >{ X i ® ■•■®Xni), 

and 7T2 a i/j-generic constituent of 

ind Bj J 2 (^i O • • • ® /x„ 2 ). 

The algorithm of the previous section gives a decomposition of the Weyl group 
element wo = w nin2 w nin2 -i ■ ■ ■ u>i, where the w^s, 1 < i < nin 2 , correspond to 
positive simple roots. Notice that if a smooth representation r of GL m (F) is V- 
generic, then f is V'-generic. The multiplicativity property of the local coefficient 
for the V'-generic representation tt = tt\ <g> 7r 2 of M reads as follows 

Here C^(s,Xi <8> A^ 1 ' - "^) is a local coefficient of GL 2 and Wq is a Weyl group 
element representative corresponding to the element denoted wo in the rank one 
case. Furthermore, there is a connection to the local theory of Tate's thesis due to 
Proposition 3.2. 

4.4. Proposition. Let tt\ be a ip-generic constituent of 

. .GL„ 9 (F), \ 

lnd B ni (Xi®-"®Xm), 
and let 7r 2 be a tp -generic constituent of 

. ,GL„, (F) , \ 
md B„ 2 (Ml ® •••®Mn 2 )- 

Then, tt = tt\ ® 7r 2 *s a ip-generic representation of M C GL„ 1+Il2 (F) and i/ie 
corresponding local coefficient satisfies 

C^(S,TTI O 7T 2 , W ) = T^7( S 7 XiMj: V0- 

T/us product is denoted by j(s,tti x 7t 2 , V>); a Rankin- Selberg ^-factor. 

Similarly, the algorithm applied to local coefficients of Siegel Levi subgroups of 
the classical groups and principal series for GL„ gives the following proposition. 
Notice that Proposition 4.4 can be extended to include E = F x F, in particular, 
the semisimple rank one case of GL 2 is needed to prove Proposition 4.5 for unitary 
groups in this case. 

4.5. Proposition When E is a non-archimedean local fied, let tt be a ^-generic 
constituent of 

GL ( E) 

ind B„ (Xl®-"®Xn)- 
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In the case of the separable quadratic algebra E = F x F, let ir = m ® 7r 2 , where 
7Ti is a tp -generic constituent of 

ind^ n(F) (xi,i ®---®Xi,n), 
and 7r 2 is a -generic constituent of 

ind s!r (i?) (X2,l ® ■■■®X2,n)- 

In the latter case, write Xi = Xi,i ® X2,i, f° r eac h i, 1 < i < n. Then n is an 
irreducible ipM -generic representation of M and the local coefficient satisfies 

!nr=i7(s,x? 5 v , )rii<j7(s,xiXj,V') */g = so 2 „+i 

nr=i7(s,xi,V')rii<j7(2s,xiXj,^) */ g = sp 2 „ 

UpifrxiXi,*) */g = so 2 „ • 

]T 1= i1{s,Xi\fx ^)Y[ l<3 lE{s,XiX c ° n1 ' ^e) ifG = U 2 „ 

Lei v' be a smooth representation of E 1 , and extend it to a continuous character 
v of E x by setting v = ^(zz" 1 ). If G = U 2n+ i 7 then ir ® v is a tpM-generic 
representation of M and the local coefficient satisfies 



n 



Cj,(s, n®v, w ) = \{E/F, ip) n J| 7 B (s, x%v, ip E h(2s, Ve/fXzIf^ , V>) 



i=l 

X 



Y[l E (2s 7 XiXT n3 '^E)- 

i<j 

Notation: if H is a group defined over E, and r is a representation of the group of 
^-rational points H of H, then T con j- denotes the representation of defined via 
conjugation, i.e., T conj (.g) =r(g). 

Assume E = F x F. Notice that, if G = U 2 „, then 

C^(s,m <E)ir 2 ,w ) = Y["{( s ,Xi,iX2,j, ip) = l(s,Ki x 7r 2 ,V)- 

If G = U 2n+ i, then f is given by v((x,y)) = v^ 1 (x)i/ (y) 1 with vq : F x — > C 
continuous, and 

n 

C^(s,7r,w;o) = n7B( s J X J ^V'£;)n7( 2s 'Xi, l X2j,V') 

»=1 i,j 
n 

= 11 7( s - Xi,t"o\ i>)l(s, X2,i"o, ip) n 7(2s, Xi,iX2,j, V>) 
= 7(s,7Ti x ^ " 1 ,V)7( s , 7r 2 x i/ , -0)7(2s,7ri x 7r 2 ,V>)- 

5. Global functional equation of local coefficients 

Let k = K be a global function field if G is split, and let K/k be a separable 
quadratic extension of global function fields if G is quasi-split. Let respectiverly 
Ak, denote the ring of adeles of k, respectively K. Let ip = ® v ip v be a non-trivial 
continuous character of k\A/~ such that each tp v is unramified. In the case of a 
quadratic extension K/k and a place v that splits in K, let K v denote the separable 
quadratic algebra k v x k v . If G = G m , m = 2n or m — 2n + 1, is a unitary group 
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and v is any place of k, let G„ be the unitary group over K v /k v whose group of 
rational points is 

G v = {g G GL m (K v )\hm(gx) = h m (x) for every x £ K™} . 

Let K = Y[ v fcv be a maximal compact subgroup of G(Ajt). For every v, assume fC v 
is a special maximal compact subgroup of G v , hyperspecial for almost all v. Then 
G(Afc) = ®'G V , where the restricted direct product is relative to the subgroups fC v . 

Proceeding as in the local theory, the character rp is then extended to a character 
ipM °f Ujvf(Afe), where Ujf = MflU, trivial on Ujn(fc). Then ipM, in turn, is 
extended to a character ip of U(Afc), trivial on U(fc). The local coefficients satisfy 
a functional equation, proved using the theory of Eisenstein series for globally 
generic automorphic representations. Notice that a system of Weyl group element 
representatives fixed in G(fc), fixes a system of Weyl group elements at every place 
of k. We fix such a global system, which is in accordance with the local theory. 

5.1. Theorem. (The crude functional equation). Let it — ®' ir w be a globally 
i^M-generic cuspidal automorphic representation of M(Afe) C G(Afc). If G is a 
quasi-split unitary group and the place v in k splits, let n v — n Wl ® ~k W2 , where w± , 
u> 2 are the places of K lying above v, otherwise write -k w = ir v . Let S be a finite 
set of places such that tt v is unramified for v ^ S. The local coefficients satisfy the 
functional equation: 

rrtr- m r 

J\L s (is, 7r,r;) = C^(s, n v , w ) J7^ S (1 -is,Tt v ,n). 

i=l v£S i=l 

5.2. Partial L-functions. To explain the notation in the crude functional equa- 
tion, let L G be the L group of G over k. Given an irreducible admissible automor- 
phic representation 7r = (x)'n v of G(A/-), ir v is unramified at almost every v. Its 
contragredient representation is denoted by 7r. 

Let p be a representation of L G, i.e., a continuous homomorphism p : L G — > 
GL m (C) whose restriction to L G° is a morphism of complex Lie groups. Let S be 
a finite set of places of k such that tt v is unramified for v ^ S. For each v £ S, the 
Satake isomorphism determines a semisimple class A v in L G. The local L- function 
attached to ix v and p v , v ^ 5, is defined by 

L(s,TT v ,p v ) = det(7 - ^{A^q' 8 )' 1 . 

Then, the partial i-function is defined by 

L s (s, %,p) = L(s, tt v , p v ). 

It is absolutely convergent in some right half plane (see § 13 of pQ). 

Given a positive integer m, let p m denote the standard representation of GL m (C). 
Label r = r% to be p ni ®/3„ 2 , Sym 2 p n , or A 2 p„ depending on wether G = GL„ 1+ „ 2 , 
SOan+i) or S02n- If G = U2«, notice that the L-group is given by L Res^/ fc GL n = 
GL„(C) xGL„(C) x Wfc, where the Weil group acts via the Galois group G&l(K/k) — 
{l,^}. In this case, let r = r\ = r^ be the Asai representation from L Resx/feGL„ 
to GL„2(C), given by 

r A (x, y,l) = x®y, and r A (x, y 1 0)=y®x. 



18 



L. A. LOMELf 



Also, if G = Sp 2 = SL2, let r = n = pi- In all of these cases r is irreducible and 
m r = 1 in Theorem 5.1. Proposition 4.4, together with equation (|1.7j) . and the 
Satake parametrization applied to tt v , v £ S, yields 

C^ v (s,TT v ,w )L(s,Tr v ,r v ) = L(l - s,it v ,r v ). 

In the case G = S0 2 „, all factors in the previous equation are interpreted to be 
trivial when n = 1. 

Now, if G = Sp 2n with n > 2, let r\ — p n and r 2 = A 2 p n . Then, for v ^ S, 

C^ v (s,TT v ,wo)L(s,TT v ,ri)L(2s,TT v ,r 2 ) = L(l - s, 7r„, ri)i(l - 2s,7r 1 ,,r 2 ). 

If G = U 2n +i, let ri = p n C3> pi and r 2 = r_^. Then, for v *f S, 

X(K v /k v , Tr v ) n C^(s, n v ,w )L(s, n v <g) i/~ x , ri^)L(2s, tt v (g) r] Kv / kv ,r 2 , v ) 

=L{1 - s,tt v ® - 2s,7f„ <g) r}K v /k v ' r 2,v)- 

In these two latter cases let r = n © r 2 and m r = 2 in Theorem 5.1. 

5.3. Proof of the crude functional equation. We now extend the discussion of 
§ 5 of [17], which is written for split groups, to include the cases at hand concerning 
the quasi-split unitary groups. Let it be a globally ^-generic cuspidal representation 
of M(Afc). The irreducible constituents of the globally induced representation of G 
given by the restricted direct product 

I(s,7r) = ®'l(s,7r„), 

are automorphic representations II = ®'II„ of G such that the representation ir v 
has /C„-fixed vectors for almost all v. The space of I(s, n) is denoted by V(s,7r). 
The restricted tensor product is taken with respect to functions /° that are fixed 
under the action of K v . 

Since tt is globally ^-generic, by definition, there is a cusp form ip in the space 
of 7T such that 



W M .ip{m) = / ip{um)il){u)du^O. 
iu„(K)\u M (A t ) 

It is possible to extend ip to a cusp form (p defined on U(Afe)M(iT)\G(Afe), and 
define a function $ s through (p in such a way that the Eisenstein series 

E(s,* a ,g) = J2 

7 eP(fe)\G(fc) 

satisfies 

(5-1) E.,i } (s,^ s ,g,P)='[[X^ v (s,TT v )(l(s,Tr v )(g v )f S:V ), 

V 

with f s G V(s,tt). Here E^(s,^ s , g) denotes the Fourier coefficient 
E^(s,$ s ,g)= E(s,<$> s ,ug)4>(u)du. 

JlJ(K)\U(A k ) 

The global intertwining operator M(s,7r) is defined by 

M(a, 7r, w )f(g) = / f(wg 1 ng)dn, 
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where / £ V(s,ir) and N' is the unipotent radical of the standard parabolic P' 
with Levi M' = wqMu^ 1 . It is the product of local intertwining operators 

m( s ,7t) = ;qa(s ,7T„, W ). 

v 

It is a meromorphic operator, which is rational on q~ s (Proposition IV. 1.12 of [20]). 
Property (|5.1|) gives 

^(- S ,M( Sj7 r)$ s , 5 ,P') 

= i\_^iliv(- s ^ w o(^v))0-(-s,wo(-!T v ))(g v )A(s,Tr v ,wo)f s ,v)- 

v 

It is known that the above Eisenstein series, and its Fourier coefficients, are rational 
functions on q~ s . The argument for proving this fact is due to Harder [7]. 
Fourier coefficients of Eisenstein series satisfy the functional equation: 

E^-s, M(s, tt)$ S) g, P') = E^(s, $ s , g, P). 

And, equation (|5.1|) gives 

E^(s,$ a ,e,P) = A^„(s,7r„)/ a ,„ 

E,/, (-a, M(s, 7r)$ s , e, P') = (— s, w (7Td))A(s, 7C v ,w )f StV . 

V 

Then, the Casselman-Shalika formula for unramified quasi-split groups, Theorem 5.4 
of [2], allows one to compute the Whittaker functional when w v is unramified: 

A^„(s,7T. u )/ s °, u = Y[L(1 + is,-K v ,r i )~ 1 f° v (e v ). 

i=l 

Also, for v £ S, the intertwining operator gives a function A(s,ir v ,wo)f® v S 
I(-s, u>o(7r«)) satisfying 

This equation is established by means of the multiplicative property of the inter- 
twining operator, which reduces the problem to scmisimple rank one cases. 
Finally, combining the last five equations together gives 

m r ^ ^ j fTlr 

rji (is,ir,r t ) rj x^ v (-s,wo(ir v ))M s ^v,Wo)fs,v ^ lS ' 7r,Tl ^ 

Which establishes the crude functional equation of Theorem 5.1. 

5.4. Corollary. (Rationality of partial L-functions). For each i, 1 < i < m r , 
L s (s,7r, rj) has a meromorphic continuations to rational functions on q~ s . 

Proof. This now follows from the proof of the crude functional equation together 
with the result of Harder on the rationality of E^,(s,$> s ,g) (see the paragraph 
preceding Theorem 1.1.6 of [?])■ 
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6. On certain 7-factors 



A refinement of the crude functional equation satisfied by local coefficients leads 
to a definition of 7-factors. Although the results of the previous sections are for 
7/j-generic representations, it is possible to define local coefficients for generic repre- 
sentations in general. This is useful, since it leads to an explicit formula explaining 
the behavior of 7-factors as the non-trivial character ip varies. 

Thanks to joint work with G. Hcnniart [H |9], it is possible to uniquely char- 
acterize 7-factors in terms of local properties and their connection to the global 
theory via the functional equation. In positive characteristic, 7-factors and related 
local factors agree, via the local Langlands correspondence, with those defined by 
Deligne and Langlands [15] . 

6.1. Notation. Recall that, if G is a classical group, then M is taken to be a 
Siegel Levi subgroup of G. Let if (M, G) be the class whose objects are triples 
(E/F, tt, ip) consisting of: 

• a non-archimedean local field F; 

• E = F if G is split, E a degree-2 finite etale algebra over F if G is a 
quasi-split unitary group; 

• an irreducible generic representation tt of M; 

• a non-trivial continuous character ip of F. 

Let if (p, M, G) be the class consisting of (E/F, tt, ip) G if (M, G) with F of char- 
acteristic p. 

When G is split, it is convenient to simply write (F, tt, ip) for an object of 
if(M, G). In the case of a general linear group, M = GL ni x GL„ 2 . The de- 
gree of a triple (F,ir,ip) G if (GL ni x GL„ 2 , GL„ 1+ „ 2 ) is defined to be (ni,n 2 ). 
To ease the notation in this case, write if instead of if (GL ni x GL„ 2 , GL„ 1+ „ 2 ). 
Whenever (F, tt, ip) £ if is of degree (rii, 112), it is assumed that the representation 
tt of M is of the form tt — tt\ ® tt-i , with generic representations tt\ of GL rai (F) and 
tt 2 of GL„ 2 (F). 

If G is a classical group, the Siegel Levi is either GL„ or GL„ x Uj. In these 
cases, call n the degree of a triple {E/F, tt, ip) G if (M, G). In the case of a triple 
(E/F, tt, ip) G if (M, U2„+i), the representation tt is of the form tt = tt' ® v' , where 
v' is a smooth representation of Ui (E) . 

6.2. Let (E/F, tt, ip) G if (M,G), where tt is a XM-generic representation of M 
with Whittaker functional Am- The non-degenerate character \m of Um is ex- 
tended to a non-degenerate character % of /7 so that they are wo-compatible, i.e., 



Notice that ip and ipu are u>o-compatible. The local coefficient for XM-generic 
representations is defined via the uniqueness property of Whittaker functionals and 
the relationship 



Now, there is a t G T(F) such that \ Ad(t)(n) = x(t^ lr nt) = ip(n) , n G N; 
Ad(t) is F-rational (see the discussion in pp. 282-283 of [24]). If / G I(s,tt), then 



XM(n) = x(wquw 1 ),n G U M . 



\( S ' 7F ) = C x (s,TT,W )\ x (-S,W (TT))k(s,TT,W ), 



where 
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ft G I(s,7r f ), where wt(g) — n(t~ 1 gt), ft(g) — f(t~ 1 gt). The representation n t is 
then ^-generic and belongs to the equivalence class of tt. 

Assume now that tt is -0 a -generic, with a G F x . In all the cases at hand it is 
possible to produce a t such that Oq 1 = WQ 1 t~ 1 w$t is an element of the center of 
M.(F). It is possible to obtain an explicit formula explaining the behavior of the 
local coefficient when it is defined via different non-trivial characters ip a , a G F x . 
To see this, let a t G C x , be the module of the automorphism n h-> tnt^ 1 . Then 

i 

(6.1) C^(s, 7r t ,w ) = a t uv(a ) |det(a )|" 8£(a )C x (s,TT,w ), 

where i = 1 or 1/2 depending on equation (|2.1j) . and w T the central character of 7r. 
Define 

(6.2) C^,(s,TT t ,w ) = at 1 \{E/F,w a y 1 C^,(s,ir t ,w Q ), 

where \{E / F,wq) — \(E/F,ip) n if G = U2n+i, and it is equal to 1 otherwise. 

6.3. Rankin-Selberg 7- factors. Let (F, tt, ip) G Jzf, where tt = iri®ir2 is of degree 
(rti,n 2 ). Take t as above such that ix t is '(/'-generic. Define 

7(S, 7Tl ®lT2,r,^) = C'^{s,TT t ,Wo). 

To simplify notation in this case, write 7(s, 7Ti (8>7T2, ip) for j(s, tx\ CS>7r 2 , r, VO- For the 
smooth generic representations tt\ of GL ni (F) and 7T2 of GL„ 2 (F), local Rankin- 
Selberg 7-factors are defined in [11] : 

I ,s 1 L(l - S,TT 1 X TT 2 ) 

7(S,7T1 X 7T 2 , V) = £(S,7T1 X 7r 2 ,'i/') v~ • 

L{S, 7Ti X 7T 2 ) 

The main result of [33] establishes the equality of 7-factors 

(6.3) j(s,TTl <g) TT2,1p) = ^f(s,TTl X TT2,1p) 

using local methods. Notice that the choice of Weyl group elements of § 4 gives 

(-l) n2 + 1 In 2 



W = WiWi M = I ^yii+na+l^ 

A different proof of (|6.3p via the local-to-global result of [B] is presented in the 
appendix. An interesting consequence of this equality is the following stability 
property of 7-factors, known for Rankin-Selberg products (see [12]): 

Proposition. Let F be a non-archimedean local field. Let ix\ and U2 be irreducible 
generic representations of GL ni (F) with uj ni — co^, and let r be an irreducible 
generic representation of GL„ 2 (F) . There is an integer A with the following prop- 
erty: If x is 0, character of F x with conductor p a , a > A, then 

7(s, (tti ® x) ® f, tp) = 7(s, (tt 2 <g> x) ® 



The Godement- Jacquet 7-factor corresponding to a principal L- function of [10] , 
for an irreducible generic representation tt of GL ra (F) , can be obtained by setting 

where 1 is the trivial representation on GLi(F). The above proposition gives 
stability of 7-factors for representations tt\ and tt 2 of GL n (F) sharing the same 
central character: 

7(s, 7ti ® x, VO = lis, 7T 2 ® x, i>), 
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where x is a highly ramified character. 

6.4. Definition/induction for the classical groups. Proposition 4.5, equa- 
tion (|1.7j) . and the discussion in § 5.2 show that 7-factors are compatible with 
the definition using L-groups via the Satake parametrization for unramified prin- 
cipal series. Given an irreducible ^Af-generic representation of M, take t so that 
X o Ad(t) = ip as in section § 6.1. With the notation of § 15.21 whenever r — r% is 
irreducible, define 

j(s,ir,r,i/j) = C^(s,ir t ,w ). 
This is the main induction step of the Langlands-Shahidi method for the classi- 
cal groups. Since both local and global Langlands conjectures are known in the 
case of GL„ in positive characteristic, it is possible to obtain an equality with the 
corresponding representations on the galois side. 

Theorem. Let G = S0 2n +i, S0 2n or U 2 „, and let (E/F,%,ip) G Jgf (M, G) be of 
degree n, with F of positive characteristic. Let a be the n- dimensional Frobenius 
semisimple Weil-Deligne representation of the Weil group We corresponding to tt 
under the local Langlands correspondence. Then 

!y(s, Sym 2 cr, ip) if G = S0 2ti +i 
j(s,A 2 a,ip) if G = S0 2n 
7(*,®I(<r),V0 */G = U 2n 

The ^-factors on the right hand side are those defined by Deligne and Langlands 
for Weil-Deligne representations. 

This is proved in [8, 9 via a characterization of 7-factors in terms of local prop- 
erties and their appearance in the global functional equation of partial L- functions. 
This is done with the help of a local-to-global result. The necessary properties 
for the uniqueness argument to hold are given in § 6.5 below. The proof when 
G = GL„ 1+ „ 2 is given in the appendix. It is also possible to adapt the argument 
and include G = Sp 2n and U 2 „+i, which are no longer part of the main induction 
since r = r\ © r 2 . 

Theorem'. Let (E/F,ir,ip) G Jz? (M, G) and let a be as in the previous Theorem. 
If G = Sp 2 „, n > 1, then 

Cj,(s,7r f ,tt;o) = l(s,cr,tp)j(2s, A 2 ct,V) ■ 

If G = U 2n +i and n' = ir Cg) v, where v is a character of E 1 , extend v to a smooth 
representation of GLi(E) via Hilbert's theorem 90. Then 

C^(S)7Tt>u>o) = 7b(s,7t x v, oTr E/F )j F (2s,ir (g)i] E / F ,r A ,i{j). 

6.5. Properties of 7-factors. Local properties, (i) — (v), needed to uniquely char- 
acterize generic 7-factors are now provided (see [HE] and the appendix). The link 
to the global theory is done via the functional equation (vi). 

(i) (Naturality). Let (E/F, n, -0) G J£f (M, G). Let 77 : E' -> E be an isomorphism 
such that rjpi maps F' into F. Then tp' = ip o t)\f' is a non-trivial character of 
F' . Also, via 77, tt defines a smooth irreducible representation ir' of M(F'). Then 
a t — a t > and 

Clp(s,ir t ,w ) = C^(s,ir' t ,,w ). 
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(ii) (Isomorphism). Let 7ri and 7T2 be two irreducible representations rri and 7r 2 of 
M, generic with respect to the same non-degenerate character xm, and such that 
7Ti ~ 7T2. Then C x (s, m, wq) = C x (s,tt2,wo), see Theorem 3.1 of [35]. This gives 
an isomorphism property 

C'^{s, {iri) tl ,w Q ) = C^(s, (Tr 2 )t 2 ,w ), 

for (E/F, tt 4 , ip) £ JSf(M, G), i = 1, 2, with tti ~ tt 2 . 

Remark. Because of this isomorphism property, it is possible to assume that, 
given {E/F, w, ip) £ Jz?(M, G), the representation 7r is V'M-generic. 

(iii) Proposition 3.2 shows that local coefficients are compatible with class field 
theory. 

(iv) Equation (|6.ip explains the behavior of the local coefficient when the non- 
trivial character varies. 

(v) (Multiplicativity). First, assume that G is a classical group. Let (E/F,rr,ip) £ 
Jzf (M, G) be of degree n. Let n — n\ + ■ ■ ■ + rid and suppose it is the generic 
constituent of 

indp L " (tti ® • • • <g> 7Td), 

where P = MN is a parabolic subgroup of GL„ with Levi M = rifc=i GL„ fc . Then, 
multiplicativity gives a relationship for 7-factors involving of the inducing data 

(6-4) 7(s,7r,ri,V) = n^'^J'^J'^' 

j 

where the product ranges over a specific set of indices. For each j, (E/F, Wi t j, ip) £ 
Jzf (Mj, Gj), with Gj either a group of the same type as G or a general linear 
group. 

Multiplicativity is stated explicitly in [17] when G = S02 n +i, Sp 2n , SC>2n, and 
in [9] when G = U2 n - An explicit relationship for each of the remaining cases of 
G = GL„ 1+ „ 2 and U 2 „ + i is now given. 

Now, assume that G is a general linear group. Let (F, rr,ip) £ ££ be of degree 
(fii,n 2 ), with 7r = 7Ti ® 7T2 • Assume that ~k\ is the generic constituent of 

ind^" 1 ^! »•••»&), 

with each a representation of GL^ (F ), ri! = /i x + • • • + /id- Also, assume that 7T2 
is the generic constituent of 

. .GL„, (F) , \ 

md P2 2y '(n(g)---®r e ) ) 
with each Tj a representation of GL mj . (F), n 2 = mi + • • • + m e . Then 

(6.5) j(s,n,ip) = n^( s '^ fc ® 

fc,2 

where the product ranges over all fc, 1 < fc < d, and all /, 1 < / < e. Equation (I6.4[) 
can now be explicitly interpreted in this case with m t j of the form <g> 77 and r^j 
the appropriate standard representation. 

Next, let (E/F,n,ip) £ Jz? (M, U 2rl +i), and suppose 7r = 7r' 1/ is ^M-generic. 
Extend v 1 to a character ^ of GLi(_E). Let n — n\ + • • • + rid and suppose tt' is the 
^-generic constituent of 

indp Ln( - E ' (wi <g> • • • <g> 7Td), 
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where P = MN is a parabolic subgroup of GL„ with Levi M = Yii=i GL„ ; and, 
for each i, 7Tj is a supercuspidal ^-generic representation of GL ni (_B). Then 

d 

C^(s,tt' <E) u' , Wo) = J^C^(s,7Tj <g> u,w % ) 

i=l 

Here, C^,(s, 7Ti (g) ^, Wg) is a local coefficient of U 2 „ i+ i and C^(2s,TTi £g) 7r™ nj ', ui J ) is 
a local coefficient of GL„ i+nj . (i?) equal to j(2s,ni x 7r™ nj ', ^). By grouping the 
factors involving s and 2s together, equation (|6.4I) takes the following explicit form 
for each of the two corresponding 7-factors: 

d 

(6.6a) 7(s,7r,ri,V>) = Je(s,tt' x z/,^ s ) = 7£(s,7r fc x z/,V>.e) 

fe=i 

d 

(6.6b) 7(s,7r,r2,^) = 7(s,7Tfe ® ??e/_f, r\A, VO J| 7s(«, ^ x t^ " 3 , ) ■ 

fe=l k<l 

(vi) (Global functional equation). With the notation of § 5, G is defined over 
a global function field k. It is possible to embed G into a group G sharing the 
same derived group as G, and satisfying H 1 (Zq) = {1}. Let B = TU be a Borel 
subgroup of G defined over k. Then T(fe) acts transitively on generic characters 
of U(fc)\U(Afe). Hence, it is possible to find ate T(fc) such that 7r t is globally ip- 
generic, where 7r t (m) = 7r(i _:L m£). See the appendix to [3], where the homological 
discussion holds for a global function field. The functional equation of § 6, now 
becomes one involving 7-factors 

L s (s, tt, r) = Y[ l(s, n v , r v )L s (l - s, tt, r), 

v£S 

where r = p ni <8> /5„ 2 , Sym 2 p„, A 2 p n , or r A . If G = Sp 2 „ (with n > 1) or U 2 „+i, 
there are two individual functional equations: 

L s (s,7r, r,-) = Y[ l{s,ir v ,r. t . v )L s (l - s,ff,rj), 
ves 

for i = 1,2, since r = r\ ©r 2 in the notation of § 5.2. Notice that, if G = Sp 2 = SL 2 , 
one retrieves the theory of L-functions for an automorphic representation of GLi, 
i.e., for 7r = x a Grossencharakter of GLi(Afc). 

6.6. Additional properties of 7-factors. 

(vii) (Twists by unramified characters) Let {E/F,ir,ij)) G _£f (M, G). If G = 
GL„ 1+ „ 2 and tt = tx\ (8 712, then 

7(s + S ,7Ti (g) 7T2,^) = j{s, (|det(-)|^° 7Tl) ® 7T 2 , V0- 

If G = S0 2n , S0 2n+ i or U 2n , then 

£0 

7(s + s ,7r,r,^) = 7(5, |det(-)liP n,r,tp). 
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Notice that, when Sp 2n and V^n+i, the relationship corresponding to twists by 
unramified characters can be obtained from these cases for each of the 7-factors 
7(s,7r,ri,^), i= 1 or 2. 

(viii) (Local functional equation) Let (E/F, it, ip) G Jz?(M, G), then 
7(s, 7r, r,, 0) 7(1 - s, 7f, -0) = 1. 

7. L-FUNCTIONS, E-FACTORS, AND THEIR GLOBAL FUNCTIONAL EQUATION. 

Local L-functions and root numbers are first defined for tempered representa- 
tions. Then in general with the aid of Langlands classification for p-adic groups 
combined with multiplicativity and twists by unramified characters. When G is a 
general linear group, the approach taken here is in accordance with the theory for 
principal L-functions |10) and Rankin-Selberg convolutions [11] . 

7.1. L-functions and tempered representations. With the notation of § 6.1, 
given (E/F,tt,iJj) G Jz?(M,G), call it tempered (resp. supercuspidal) if the irre- 
ducible representation it of M is tempered (resp. supercuspidal). For tempered 
{E/F, 7r, ip), let Pn,i(t) be the unique polynomial satisfying P ny i(0) = 1 such that 
P-n,i{q~ s ) is the numerator of j(s, 7r, r,, ?/>), 1 <i < m r . Define 

(7.1) L(s,n,n) = P lr , l {q- s )- 1 . 

Notice that the zeros of a local coefficient are poles of the corresponding inter- 
twining operator A(s,tt,wq). Hence, the definition of a local L-function does not 
depend on the character ip. 

7.2. Proposition. Let (E/F, n, ip) G Jz?(M,G) be tempered. Then L(s,7r,r i ) ) 1 < 
i < m r , is holomorphic for 3?(s) > 0. 

Proof. First, consider the cases G = GL„ 1+ „ 2 , S02n+i, SC>2n or L^n- From the 
definitions, the zeros of C^(s, it, wq) are those of P 7Ti i(q~ s ). The proposition follows 
in these cases, since it is known that the intertwining operators are holomorphic 
for 5R(s) > when ir is tempered (see Theorem 5.3.5.4 of [25]; also, see Proposi- 
tion IV. 2.1 of [28]). Next, consider the cases G = Sp 2 „ or U2„+i. Then, L(s,TT,n) 
arises from a local coefficient of GL„ +1 , and L(2s,7r,r 2 ) arises arises from a local 
coefficient of either S02 n or U2„, each of which is holomorphic for K(s) > by the 
previous cases. 

7.3. Tempered representations of GL„. Every tempered representation of GL„(L) 
arises as the unique irreducible submodule of a parabolically induced representation 

indp L " (f) (5i ® ■■■®6 r ), 

where each Si is a discrete scries representation. This is part of Theorem 9.7 of |29j . 
which is stated for quasi-tempered representations, i.e., tempered representations 
twisted by a suitable character. 

In order to be more precise, given a supercuspidal representation p of GL C ;(L) 
and a positive integer a, let S(p, a) be the irreducible submodule of 
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where v = |det(-)| F and P a = M a N a is the parabolic with Levi M a = Yli=i GLd- 
If p is unitary, then 6(p,a) is a unitary discrete scries representation of GL at j(-F). 
All discrete series representations of GL„ (F) are of this form. 

Notice that, if Tr, = S(pi,ai), i = 1 or 2, are discrete series representations of 
GL ni (F), then L(s, 7Ti x t^) is holomorphic for 5R(s) > 0. Similarly for L(s,%,r), 
with 7r = <5 (p, a) in the previous proposition. 

7.4. Root numbers and tempered representations. Let (E/F, tt, i/j) e«5f(M,G) 
be tempered. Then, there is a monomial e(s, n, fj, V') m the variable Z = q~ s , called 
the local root number or e-factor, given by 

(7-2) e(s, tt, r f , ip) = j(s, tt, r i; -0) r ^'T^ , ■ 

That the root number is indeed a monomial in Z — q~ s , follows from Proposi- 
tion 7.2 and the local functional equation of 7-factors 6.6(viii). 

The multiplicativity property of 7-factors is inherited for local L-functions and 
e-factors when (E/F,it,i(j) G Jz? (M, G) is tempered. With the notation of equa- 
tion (|6.4p , multiplicativity of local factors reads 

(7.3a) L(s,TT,r l ) = L(s, nj) 

j 

(7.3b) s(s,Tr,ri,ip) = e(s, tv^, r id , ip). 

3 

7.5. Local factors in general. It is now possible to proceed to the general case. 
For each i, 1 < i < d, let 770 be a tempered representation of GL ni (F). Take a 
sequence of real numbers t\ > • • • > tj, and let Tj = det(-)|^. 770, for each i. Let 

n = n\ -\ h n,j and let P' = M'N' be the parabolic subgroup of GL n , with Levi 

M' = \\ i= i GL„ ; . Then, the unitarily induced representation 

(7.4) T = m&f; n{F \T 1 ®---®T d ), 

has a unique Langlands' quotient representation tt = J(r). Every irreducible rep- 
resentation tt of GL„ is of this form. 

Now, with the notation of § 6.1 when G is a general linear group, let (F, tt, ip) e 
be of degree (m, 71-2), with tt = tt\ ® if 2 ■ It is then possible to assume that tt\ = 

GL ( GL ( F} 

J(£) and 7r 2 = J(t), where £ = indp^" 1 (£1 ® • • ■ ® £d) and p = ind p ^" 2 (t! ® 

• • • (g> r e ) are as in equation (|7.4[) with = det(-)|^ fc £^0 and 77 = |det(-)|p 77,0- 
Equation (16.51) combined with twists by unramified characters gives 

(7.5) 7(s, 7r i ® 772,^0 = J^7(s + ""fc + uj,£fc,o 8^,0,^)- 

Here, each 7-factor in the product corresponds to tempered representations. This 
allows one to define local L-functions and root numbers in general by setting 

(7.6a) L(s,tt) = Y[L(s + Uk + Vi,^kfi^>Tl,o) 

k,l 

(7.6b) s(s,Tr,ip) = ]^£(s + u k + vi,£ k ,o <8> 77,0, V0- 

k,l 
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Next, when G is a classical group, let (E/ F,TT,ip) £ Jzf (M, G) be such that 
7r = J(r) as in equation ()7.4[) . Then local L-functions and root numbers are defined 
using multiplicativity, equation (|6.4p . and twists by unramified characters, prop- 
erty 6.6(vii). It is now possible to obtain explicit formulas for each of the classical 
groups in terms of tempered inducing data. In particular, Asai local factors are 
defined in general in § 4.3 of [9]. It is now an exercise to explicitly do this for 
exterior square and symmetric square local factors. 

7.6. Global functional equation. With the notation of § 5, let tt be a cuspidal 
automorphic representation of M(Afc) . Local L-functions and root numbers are now 
defined at every place of k. Thus, it is possible to define the completed L- functions: 

L(s,w,ri) = Y[L(s,TT v ,r iiV ) and £(s,7r,ri) = J^eCs,^,^,,,, ip v ), 

V V 

for each i, 1 < i < m r . The final form of the functional equation is now obtained 
from Property 6.5(vi) for each i: 

L(s, 7T, r,) = s(s, 7T, n)L(l - s, 7r, n). 

Notice that e{s,TT v ,ri yV ,il) v ) is trivial outside a finite set S of places of k and that 
the global root number does not depend on the character ip. Furthermore, ratio- 
nality of completed L-functions follows from Corollary 5.4. To summarize, we have 
completed a linearly ordered proof of the following theorem. 

7.7. Theorem. Let k be a global function field with finite field of constants ¥ q . If 
G is a split classical group or a quasi-split unitary group, let M be a Siegel Levi 
subgroup; if G is a general linear group let M be a maximal Levi subgroup. Let tt be 
a cuspidal automorphic representation o/M(Afc). Then, the L-functions L(s,7r, r^) 
are nice, i.e., they satisfy: 

(i) (Rationality) L(s,n,ri) has a meromorphic continuation to a rational func- 
tions on q~ s ; 

(ii) (Functional equation) L(s, tt, r^) = e(s, tt, ri)L(l — s, tt, r^). 

Appendix A. 

UNIQUENESS OF RANKIN-SELBERG PRODUCTS 

G. HENNIART AND L. LOMELI 

The goal of this appendix is to give a short proof of a uniqueness result for 
Rankin-Selberg 7-factors, giving equality of local factors when they are defined via 
different methods. Let us adapt the notation of § 6.1 and of [2] in order to better 
deal with 7-factors for pairs of representations of GL m and GL„. Let Jzf be the 
class of quadruples (F, tti, tt2, ip) consisting of: a non-archimedean local field F; 
smooth irreducible representations tt\ of GL m (F) and 7T2 of GL„(F) (call (m,n) 
the degree of the quadruple); and, a non-trivial character ip of F. Let Jzf (p) be 
the class consisting of all (F, tti, tt2, ip) S Jzf, with F of characteristic p. Note that 
our proof is for Jzf(p), the case of characteristic zero is mentioned in the remark 
following the theorem. 
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Given (F, tti, 7T2, ijj) £ Jz?, Rankin-Selberg 7-factors 



7(S, 7Ti X 7T 2 » = £(S, 7Ti X 7T 2 , V) 



L(l - s, fri x 7r 2 ) 



L(s, 7Tl X 7T 2 ) 



are defined in [5]. An alternative definition can be found in § 6.3 by considering 
M = GL m x GL„ as a maximal Levi subgroup of G = GL m+n and letting P = MN 
be the standard parabolic subgroup with Levi M and unipotent radical N. Given 
(F, 7Ti, 7r 2 , ip) E , we obtain a representation of M — M.(F) by setting tt = 7ri<237r 2 . 
Let p m and /? n denote the standard representations of GL m (C) and GL„(C). The 
representation r ~ p m ® Pn arises as the adjoint action of L M on L n. Given 
(F, 7Ti, 7r 2 , 70) E J?, let 7(s,7Ti £§) 7r 2 , r, t/>) denote the 7-factor defined using the 
Langlands-Shahidi method. 

The aim of [5] is to establish the equality 

(A.l) 7(5, 7ri x 7r 2 , ?0) = 7(s, 7ri (g) f 2 , r, VO 

using completely local methods. What we provide in this appendix is a proof of 
this result by means of a characterization of 7-factors. 

Over a global function field, the method of proof allows us to remove a previously 
required stability property from the characterization. Propositions 2.2 and 3.1 of 
[2] provide a two stage process that allows us to lift local cuspidal representations to 
globally cuspidal automorphic representations with control over their ramification. 
More precisely if tt is a cuspidal representation of GL n (F), there exists a global 
function field k, two distinct places v and w of k, an isomorphism of local fields 
i] : F — ► k v and a cuspidal automorphic representation II = <g>' II,, of GL„(Afe) such 
that: 7r ~ ![„ is obtained via 77; LI^ is unramified for x £ {v, w}; if tt is of level zero, 
then Tl w is a principal series representation, otherwise Tl w is of level zero. 

Theorem. A rule 7 which assigns a rational function 7(5, m x 7r 2 , V>) E C(g^ s ) io 
every (F, ttl, 7r 2 , t/>) E is uniquely determined by the following properties: 

(i) (Naturality) Lei 7Ti, 7r 2 , ip) E ^£(j>), and let r\ : F' — >■ F be an isomor- 
phism of local fields. Let (F' , tt^, tt' 2 , ip') E Jzf be the quadruple obtained 
from {F,TT\,-K2,ip) via 77. Then 

7(S, 7Tl X 7T 2 , -0) = l{s, Tt\ X 7T 2 , ?//). 

(ii) (Isomorphism). Let (F, 7Ti, 7r 2 , -0) E -S?(p). 1/ (i* 1 , 7r^ , 7r 2 , ip) E «5f is suc/i 
tftai 7r^ ~ TTj, /or i = 1, 2, then 

7(S, 7T^ X 7T 2 ,-0) = 7(S> 7I "1 X 7T2, V0- 

(iii) (Compatibility with class field theory). Let {F,xi,X2-,i>) £ -^(p) ^ e °/ 
degree (1, 1). TTieji 

7(s,Xi x X2» = 7( s >XiX2,^)- 

(iv) (Dependence on ip). Let (F, tti, 7r 2 , -0) E ^f(p) be of degree (m,n). Given 
a E _F X , Ze£ ip a be the character of F defined by tp a (x) = ip(ax). Then 



(v) (Multiplicativity). Let (F, 7Ti, 7t 2 , ip) E -£f(p) and Zet (F,£i,Tj,ip) E -S?(p), 
1 < i < d, 1 < j 1 < e, with each £j and Tj quasi-tempered . Assume that 
tti (resp. 7r 2y ) is the Langlands' quotient of the representation of GL m (F) 



7(s,tti X 7T 2 ,-0°) 



u) vi (a) m u^(a) n \a\ F 



mn(s— 



7(s,7Tl X ^,-0). 
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(resp. Gh n (F) of the representation that is obtained from £i<S> - • (resp. 
ri ® • • • ® r e/ ) via unitary parabolic induction. Then 

7(s,7ri x 7T 2 , V) = ]J7( S ,& x r,-,^)- 

(vi) (Twists by unramified characters). Lei (.F, 7i"i, 7T2, ijf) G -Sf(p), i/iera 

7(S + S0,7Tl X 7T2, ^) = 7( S ; | det ( • ) I J? 7Tl X 7T 2 , ^). 

(vii) (Global functional equation). Let k be a global function field of character- 
istic p. Let = (3 v ty v be a non-trivial character of fc\Afc. Given cuspidal 
automorphic representations IT = S8)' Ui jTJ o/GL Til (Afe) and 1I2 = S/Ikt; 
0/ GL„ 2 (Afc), let S be a finite set of places of k such that Hi, v > n 2t , and 
ty v are unramified for v S . Then 

L s (s, III x n 2 ) = J] 7 (s, Ui, v x U 2 , V) *v)L s {l - s, fii x fi 2 ). 

v£S 

Proof of theorem. Let (F,TTi,Tt 2 ,ip) G ^{p)- Then 7Ti and 7r 2 can be written 
as Langlands' quotients 7Ti = J(£) and 7r 2 = J(t), that are induced from quasi- 
tempered data as in § 7.4. Tempered representations are obtained from discrete 
series. Notice that the discussion of § 7.2, together with properties (v) and (vi) 
reduce the argument to the case when tti and 7r 2 are cuspidal. Proposition 3.1 of 
[2] then further reduces the following proof to the case when tt\ and 7r 2 are of level 
zero. 

Assume that ~k\ and 7r 2 are level zero cuspidal representations. By applying 
Proposition 2.2 of [loc. cit.] to tti and 7r 2 we obtain cuspidal automorphic represen- 
tations III of GL m (Afc) and II 2 of GL„(Afe) over a global function field k. This can 
be done in such a way that there is a place vq of k and an isomorphism rj : k Va — > F 
such that Tli. Vo ~ ir[ and H 2 ,v — tt 2 , where (k v , ir[, ir' 2 , ip') G _5f (p) is obtained from 
(F, 7Ti, 7r 2 , ip) via 77. Properties (i) and (ii) give 

7(s,n 1)Vo x U 2tVo ,ip') = 7(s,7Ti x w 2 ,ip). 

Given a non-trivial character *S> of k x \A, we can assume that ?/)' = by Prop- 
erty (iv). Then, with the notation of Property (vi), there is a finite set of places S 
containing vq such that 

l s { s , iii x n 2 ) = Yl j( s , u hv x u 2>Vi «£ v )L s (i - s, fii x n 2 ), 

where Ili t, and I^u are principal series representations for v G S — {vo}. Thus, 
IIi jt , is a generic constituent of 

ind^" (fe,,) (xi ! „ <g> • • • ® Xn,«)i 
and n 2i „ is a generic constituent of 

indg^'^ kv \fii tV <g> • • • <8> ^n,«), 

where Xi,t> an d characters of fc*, for each v G 5 — {vo}- Property (v), 

combined with Property (iii) , relates each of the 7- factors in the product 

Yl 7(s ) n 1 ,„xn 2 , t ,*j 

v£S—{v } 
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into a product of abelian 7-factors, which are uniquely determined. The functions 
L s (s,Hi x II2) and L (s,IIi x 1I2) are also uniquely determined. Hence, so is the 
7-factor at the remaining place vq. 

Remark. The above argument also holds in characteristic zero by using Proposi- 
tion 5.1 of [7] as the link between the local and the global theory, relying on the 
global functional equation. The theory for archimedean local fields is studied in 

mm- 

Equation (A.l). We now consider two different rules on Jz?(p). Recall that we 
take parabolic subgroups P = MN which are standard with respect to the Borel 
subgroup B = TU of upper triangular matrices. The character ip is used in § 2.1 
to define a non-degenerate character of XJ(F), again denoted by ip. We write ipM 
for the restriction of ip to Um = M(F) n XJ(F). The characters ip an d ipM are then 
uio-compatible in the notation of § 6.2. 

Let (F, 7Ti, 7T2, ip) € £?(p). We first assume that 7Ti and 1T2 are generic. Both 
7(s,7Ti x TT2,ip) and 7(s,7Ti <£>tt2, VO satisfy naturality and isomorphism properties. 
We may assume that the representation ir = tt\ ® TC2 is V'M-generic. The multiplica- 
tivity property of 7(s,7Ti ® TT2,r,ip) with respect to unitary parabolic induction is 
given explicitly in equation (6.5). For 7(5, ~k\ x 7T2, ip), multiplicativity can be found 
in Theorem 3.1 of [3]. See Proposition 3.2, for compatibility with class field theory. 

For a e F x , let t = diag(a-( m+ ™- 1 ), a '^ m+n ~ 2 \ . . . , a, 1). Let n t be the rep- 
resentation of M given by 7r t (x) = n(t xt). The character ip t given by ipt{u) — 
7/)(i _1 wt) is then obtained from ip a and n t is tp^f-generic. From the definition found 
in § 6.2, there is a relationship for the local coefficient when the character varies 
given by equation (6.1). More explicitly, 

7(S, 7Ti (g> 7T 2 , r, Ip®) = C'^ t (S, 7T t , Wq) 

= w WI (a) m u) i2 (ay n |a|™ (s_,) C^(s, tt, w ) 

= u n (a) m u) n2 (a) n |a|™ n(s_5) 7(s,7ri ® n 2 ,r, ip). 

The same relationship holds for 7(s,7Ti x iT2,ip). 

Finally, we have a global functional equation: Let k be a global function field of 
characteristic p, let ^/ = <^ v ^ v be a non-trivial character of k\Ak, and let IT and II2 
be cuspidal automorphic representations of GL ni (Ak) and GL„ 2 (Afe), respectively. 
Let 5 be a finite set of places of k such that 'J and IT, for i = 1, 2, are unramified 
outside of S. Then, Theorem 5.1, in its form of Property 6.5(vi) for 7-factors, gives 

L s (s, IT, x n 2 ) = Y[ 7 (s, U hv <g> n 2 ,„, r, * V )L S (1 - s, 5i x fi a ). 

ves 

A reference for the functional equation involving the 7-factors "f(s, ILi jV x B^,,, ^v) 
can be found in [T]. Thus, Properties (i) through (vii) hold for 7(3, 7Ti ®tt2tt) and 
7(s,7Ti x 7T2, ip), when tti and 1:2 are generic. 

In general, tt\ and 112 can be written as Langlands' quotients. More specifically, 
7Ti = J(£) and 7T2 — J(t), where 

i = ind^ m(F) (£i <g> • ■ • ® r = ind^" (F) (ri ® • • • ® T e ); 

each = |det(-)|^* £^0 and 73 = |det(-)|^? 770 has ^,0 and 770 tempered. Then, the 
factors 7(s, 7Ti (g> 7r 2 , r, ip) are defined by equation (7.5). And, the discussion of § 7.5 
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is in accordance with the way j(s, tti x are defined in [3]. They satisfy the 

analogous equation 

7(s,7Ti X 7r 2 ,V0 = ]^[7( S + Wi +Vj,£i,0 X Tj, ,1p). 

Then, 7-factors are defined for all {F, n\, TT2, ip) £ Jz?(p). It is now easy to verify 
that properties (i) through (vii) of the theorem hold for j(s,iri eg) 772, r,tp) and 

7(s,7Ti X K2,1p)- 

i-functions and root numbers. In addition to the properties mentioned in the 
theorem, both 7-factors in equation (A.l) satisfy: 
(viii) (Local functional equation). Let (.F, 7i"i, 772, £ then 

-f(s, 7Tl X 7T2, Ip) 7(1 — S, 7Tl X 7T 2 , Ip) = 1- 

Local i-functions and root numbers are defined in § 7 via 7-factors. First, for 
tempered representations, where the corresponding L- functions satisfy the following 
property: 

(ix) (Tempered case). Let (i* 1 , tti, 7T2, ip) £ j£? 6e tempered, i.e., m and n2 tem- 
pered representations. Then L(s, tti x ^2) is holomorphic for 5ft(s) > 0. 

Then, rules L and e are defined on Jz? by means of Langlands classification and 
analytic continuation. Notice that the discussion of § 7 is in accordance with the 
definition of [3]. Hence, identity (A.l) can be used to obtain the following corollary 
on the equality of local factors. 

Corollary. Let (F, m, ir 2 , tp) £ -S?(p). Then 

L(s, 7Tx x 1^2) — L(s, 7Ti (g) TT2, t) and e(s, 7Ti x 7T2, ip) = s(s, 7Ti ® ^2, r, ip)- 
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